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Abstract-In this paper, we attempt to model the population dynamics of the migratory 
salmon and develop an easily implemented, sustainable harvesting strategy. We first 
examine the life cycle of the salmon and conciude that it could be best and most simply 
modelled by a coupled system of nonlinear difference equations. LVe choose difference 
equations because of the essentially discrete nature of the annual cycle in which salmon 
engage. Salmon can be caught during a relatively short period of time (about four weeks) 
and only once yearly. We opted for a coupled system in order to emphasize the two 
distinct habitats in a salmon’s life: lake and ocean. 
We next formulate the model using two possible harvesting strategies: constant yield 
vs. constant effort. Unfortunately, the complexity of the model prevents more than a 
cursory examination of any others. We conclude that the constant effort model is more 
desirable, in part by examining the stability of steady-state solutions of each model. 
We also determine optimal yield in the constant yield model, given values for the pa- 
rameters. The theoretical findings are supported by empirical findings, gathered from 
computer simulations of each harvesting strategy of the model. 
INTRODUCTION 
The salmon spends its life in two distinct environments. For the first few years of its life. 
the salmon lives in a freshwater lake or river system. Between the ages of two and four. 
the fish migrates to the sea, where it will spend the next two to four years. Finally, after 
reaching maturity, the salmon returns to its natural spawning ground. The harvest of 
salmon takes place along this final journey. If the salmon does survive to spawn, it inev- 
itably dies soon thereafter. 
We have decided to model this process as a closed coupled system consisting of two 
holding environments representing the ocean and lake populations. These environments 
are controlled and linked to each other by various parameters governing survival rates 
from year to year as well as factors of migration habits. The model presented below is 
based on the most important of these parameters: 
k, = .I: Percent of eggs laid reaching the lake as fish 
kz = .5: Percent of lake population surviving to the next year 
k3 = .67: Percent of lake population that does not migrate to the sea in one year 
kq = S: Mortality rate of sea population per year 
ks = .I: Percent of sea population that migrate to the river for spawning 
k6 = .I: Percent of fish surviving seaward migration 
rb = 4000: Number of eggs laid by one female during spawning 
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DERIVATION OF MODEL 
Assume the populations in the lake and ocean at time t are L, and 0, respectively. At 
time r + 1, the population of the lake is equal to the percent of the population that 
survived the year, less the percent of the population that migrated to the sea (giving 
(L,k,)k,). Migration can be considered to be instantaneous, so that death and migration 
can be considered independently. The lake population is increased by the new fish pro- 
duced through spawning (k, times eggs laid). The lake’s natural resource constraints de- 
termine the maximum possible population, i.e. the carrying capacity L,,,. For populations 
slightly larger than the carrying capacity, the mortality effect is slightly increased, while 
for populations much over the maximum, the effect is severe. We have chosen to simulate 
this limiting factor with the term e(’ --.“). (A factor involving .K rather than .r’ was consid- 
ered, but its effect on populations slightly above carrying capacity is too severe.) 
The ocean model was developed similarly. The population at time r T 1 in the ocean 
is equal to the surviving percent of the previous year’s population, less the percent that 
left for spawning (O,( 1 - k,)ks). The ocean population is augmented by the fish surviving 
the migration from lake to ocean ((I - k,)k,L,). The ocean model has no limiting factor. 
as the carrying capacity of the ocean is assumed to be infinite for purposes of this model. 
The fish that leave the ocean are available for harvesting. This number of fish, k5(1 - 
k4)01, less the harvest, goes to spawn. As only females spawn, the result is halved, then 
multipled by rb to give the number of eggs laid (rb/z(ks( 1 - k4)0, - harvest)). The number 
of fish taken in the harvest is dependent on the harvesting strategy used, as detailed below. 
We shall discuss and analyze two different harvesting strategies and possible problems 
in their exploitation of the salmon population. These two strategies are the constant effort 
model and the constant yield model. 
CONSTANT EFFORT MODEL 
In the constant effort model, we assume that the number of fish harvested is propor- 
tional to the number of fish which can be caught (i.e., those which are travelling upstream 
and which are mature). We thus obtain the equations 
L 
0 
!$ (1 _ k,)(l _ E)O, e[’ --(~v’~rn~d21 1 (11 
0 I+, = (1 - k3)ktjLr + (1 - ka) (1 - ks)O,, 
where k5(1 - k,)EO, is the yield (in fish) for a given effort E. Note that 0 5 E 5 1. 
In order to simplify the algebra, we consolidate the constants in equations (1) as follows: 
._ 
ml = kzk3 
013 = (1 - k,)ks 
aI = (1 - kq) (1 - k5). 
We also introduce the scaled variables 
f_r, zz +L 0, 
) v, = - 
max L . max 
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Equations (1) then become 
u r-1 = [a, u, + a1(1 - E)V,]P’/~ 
V IAl = ci3u* + ajv,. 
We next determine steady states, that is, we solve the system 
u = [a,U + cYz(1 - E)V]e”-L”’ 
v = aju + ci4V. 
Thus 
(Y3u 
v = (1 - cfq) ’ 
which after substituting into the first of equations (2), gives V = 0 and U = 0, or 
o=u K cxz(l a’ + (1 - ma3 - 4 > e”-U2’ _ 1 . 1 
Solving for U, we find 
U J ( az(1 - Eb3 ss = l + In al + (1 - &4) 
and so we have the non-negative steady states 
uss = 0, vss = 0 
and 
I/ J ( 012(1 - E)cl, ss = l + In a’ + (1 - (y4) 1 
(3 
V 
a3 -- 
ss - 1 - cf4 J ( 
1 + In 
cQ(l - E)a3 
CLI + (* _ a4) 
) 
. 
Displacements from steady state are proportional to X’, where X are eigenvalues of the 
matrix resulting from the linearization around U ss and Vss of the right hand side of (1). 
Determining the stability of these steady states is clearly difficult, given the complexity 
of the difference equations. However, we are primarily interested in the way stability 
changes with the amount of harvesting done. We can gain some fairly accurate and relevant 
quantitative results in specific cases by graphing the eigenvalues as functions of harvesting 
(Figs. 1 and 2). In Figs. 1 and 2 the parameters are 
a1 = .33.5 
ci2 = .I0 
ci3 = .033 
ct4 = .Ol. 
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Fig. I Eigenvalues vs. E (non-zero steady state) 
At E = .I2 there is a pitchfork bifurcation in the solution. Because of the limiting factor 
which causes the lake population to decrease if it has become in some sense overpopulated, 
and the fact that more fish are able to spawn (and so more fish reach the lake at the next 
iteration), the population (after a long time) oscillates between two positive values (Fig. 
3). For .12 < E < .901 the positive steady state is stable and the zero steady state is 
unstable. That is, if the harvesting effort is not too great, the fish population will not die 
out. At E = .901 there is a tangent bifurcation. The two non-negative steady states coalesce 
into one stable equilibrium point at (U, V) = (0, 0), which exists for .901 < E < 1. In 
other words, if harvesting effort is too great, the fish population will die out. 
We want to maximize yield at the positive (stable) steady state, where yield is given 
by 
Y = ks(l - kd)EOss = kS(l - kdLm,xEVss. 
This is equivalent to maximizing 
(EVss)’ = (1 T3a4) E’ a, + (3) 
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Fig. 2. Eigenvalues vs. E (zero steady state) 
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Fig. 4. Yield for constant effort model. 
We take the derivative of Eq. 3 and set it equal to zero to obtain 
a2a3(1 - Eopt )I Eoptcw3 l-ad - a,(1 - ad + as+(l - E,,t) ’ 
This is a transcendental equation and can only be solved numerically. In the specific 
example we mention above, E,,, = .623, as Fig. 4 indicates. This gives a theoretical 
optimal yield of Y = 12, which numerical experimentation confirms (see accompanying 
print out). 
CONSTANT YIELD MODEL 
As an alternative harvesting strategy, a constant yield model was proposed. The only 
difference between the two models is the removal of a constant number of salmon, rather 
than a number proportional to the number of fish in the river. It was intended that a 
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Fig. 5. Steady-state vs. effort for constant yield model. 
complete stability analysis would be carried out, in a similar fashion to the one performed 
on the constant effort model. It quickly became apparent that this detailed study would 
not be possible, due to the complexity of the resulting equations. 
The development of the model proceeds as follows: Beginning in the same fashion as 
before, we derive the terms governing the lake and ocean populations. The differences 
arise in considering the spawning term. Whereas with the constant effort term, we have 
F = ks(l - kJ (1 - E)Oss = ks(l - k&,ax(f - E)V.ss, 
with the constant yield Y0 we obtain 
F = ks(l - kJ0ss - Y,, 
where F is the number of fish that escape harvesting. With this modification, the difference 
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equations now become 
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L r-1 = k?kJL, + k,ks y 
0 
(1 _ k4)0, _ y. 1 ,[I -(LJL,,Fl 
0 rc I = (1 - ks)keLr + (1 - kd) (1 - ks)O,, 
or in scaled form, 
U = [all/ + a2V - a~Y]e(‘-@) 
V = a3U + ajV, 
where as = klrJ2 and Y = YJL,,,. Here, the notable difference is the non-factorability 
of V within the U equation. In solving for the steady states, we encounter equations of 
the form 
brie”’ - cn = aY. 
15~00 
I oooc 
SOOC 
) 1 
;/ ! /’ 
I r.--- 
I 
’ 
,’ --- 
\ \ , \ 
0 
/O 20 40 60 80 /40 
i 
77ue- l Y/Q) 
Fig. 6. Lake population for constant yield model. 
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Since these solutions can only be approximated numerically, any further analytic analysis 
is severly hindered, due to the lack of an explicit functional representation of the steady 
state(s) in terms of the yield. It should sufftce to say that if the equations could be de- 
termined explicitly, further analysis should reveal critical values for Yo, at those points 
in Fig. 5 where the population behavior changes dramatically (i.e. Y0 = 4, 7, 8). However, 
the hazards of this model can be clearly explained without the complex stability analysis. 
In examining Fig. 6, it is clear that some very important changes in long-term population 
behavior occur at a yield of 7. This yield is in terms of maximum lake capacity, so in 
some sense, it actually means 7 fish per total capacity or a non-dimensional yield of .0007 
(total capacity was arbitrarily chosen to be 10000). Increasing the yield to the next phys- 
ically interpretable value , .0008, we see that the lake population now oscillates in time, 
with a period of three. This odd periodic solution implies that chaotic solutions will follow 
as the parameter is increased. Indeed, as we increase the yield to 9 (.0009). vve find that 
disaster has befallen the salmon population. The increased harvest is now more than the 
system can tolerate, and the population is driven toward extinction. This phenomenon is 
a common occurrence with harvesting strategies of this type, and therefore they should 
be avoided in favor of the more globally stable constant effort model. 
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Fig. 7. Lake population for constant effort model. 
An effective method for harvesting salmon 
T- 
I 
r 
/ 
c 
i 
-L 
CONSTA UT 
EFFORT 
: = .95 
200 coo 800 
TINE (YAS) 
Fig. 8. Lake population for constant effort model. 
Before the discrete model was decided upon, a continuous model was considered. There 
was some confusion as to what the various constants actually represented, and how these 
problems should be resolved. After careful consideration of the problem and the data at 
hand, however, it became obvious that a discrete model was in order. This conclusion 
was reached for several reasons. First, it was decided that the actual population, rather 
than the rate of population change, should be observed. Second, the available data were 
in terms of actual numbers of populations, thus providing some base for comparison of 
the credibility of the model. Also, a computer simulation of the discrete model follows 
naturally, and in fact was necessary in the constant yield analysis. 
RESULTS AND CONCLUSIONS 
In order to verify the theoretical results obtained above, a computer simulation of the 
model was run using the parameters as specified. In looking at the results from the constant 
effort strategy, we can maximize our yield, without seriously the endangering the stability 
of the system. Figure 7 illustrates the long-term stability of lake population as a function 
of effort. One can see that for an effort level near the optimum value (.7 for comparison), 
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Fig. 9. Steady-state for constant effort model. 
that the lake population quickly settles down to its steady-state solution. However, an 
effort outside the stability range suggested earlier (E = .95 for example) leads to an 
undesirable condition (see Fig. 8 for expanded graph of E = .95). In comparing the the- 
oretical curve for the steady states (as a function of effort - Fig. 9) to the computed 
curve (Fig. 3), we find a perfect agreement, for values greater than the bifurcation point 
at E = .12. For values less than the bifurcation point, this theoretical steady state has 
now become unstable, with limit cycle oscillations as bounded by the computed curve. 
(Compare Figs. 3 and 9. The slight offset is due to point plotting mechanism.) 
The computer results for the constant yield problem similarly justified the theoretical 
findings. The instability of this model is graphically represented in Fig. 6. We see that 
perturbing the yield slightly can result in disastrous effects. One years’ overharvest could 
cause serious population problems in the future. The global behaviour of this strategy 
(Fig. 5) gives no more hope for a stable solution. This data was projected at unrealistic 
intervals (.I fish) to more clearly represent the results. Included as final results are the 
program used for the computer simulation of the model, and an example of the output it 
generated (Table 1). 
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In comparing the two proposed models for ban-esting strategies, we can only reach 
one conclusion. Constant effort strategies are much better in the long run, because of 
their stability with regards to the salmon population. In addition, the yield for this strategy 
is higher than the maximum yield (with any sense of long-term stability) for the constant 
yield model (.0012 vs. 307). Other harvesting strategies are possible, but we feel that the 
constant effort model is probably an optimal strategy, due to its simplicity, global stability, 
and ease of implementation. 
Table I. 
Feb 19 06:17 1985 spawn.p Page 1 
program spawn (input,output); 
const kl =O.l; 
k2=0.5; 
k3 =0.67; 
k4=0.5; 
kS=O.l; 
k6=0.1; 
rb=4000; 
var 
lmax = 10000; 
yield,oceanl ,fspaw,spaw,lake.ocean,lkold.ocold.effreal; 
ends:boolean; 
i:integer; 
rewrite(output, ‘outfile’); 
writeln(‘Input # of fish at spawn ‘); 
read(fspaw); 
writeln(‘# fish at spawn: ‘.fspaw); 
writeln(‘Input # of fish in lake ‘); 
read(lake); 
writeln(‘# fish in lake: ‘,lake): 
writeln(‘Input # of tish in ocean ‘); 
read(ocean); 
writeln(‘# fish in ocean: ‘,ocean); 
writeln(‘Input effort ‘); 
read(efn; 
writeln(‘effott: ‘,eR2:4); 
spaw: = rb*fspaw/2.0; 
ends: = false; 
for i: = 1 to 30 do begin 
Ikold: = lake; 
ocold: = ocean; 
lake: =(k2*k3*lkold+ kl*spaw)*exp(l - (Ikoldlmax)*(Ikoldlma 
oceanl: = (1 - k4)‘ocold; 
ocean: = (I- k3)*k6*lkold + (I - k5)‘oceanl; 
fspaw: = k5*oceanl*(l -effJ; 
yield: = k5*oceanl*eE 
spaw: = rb*fspaw/2.0:’ 
writeln(‘Lake: ‘,lake:lO,’ Ocean: ‘ocean: 10, 
’ Fish @ spawn’,fspaw:lO,‘YieId: ‘.yield: 10) 
end; 
end. 
Feb I9 06:17 1985 outfile Page 1 
Input # of fish at spawn 
# fish at spawn: 0. oooooooooooooOe+OO 
Input # of fish in lake 
# fish in lake: I .oooooooooooooOe +03 
Input # of fish in ocean 
# fish in ocean: I .00000000000000e + 3 
Table 1. (Continued) 
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Table I. (Conrinued) 
Input effort 
effort: 0.6226 
Lake: 9.016e +02 Ocean: 
Lake: 1 .O!Be +04 Ocean: 
Lake: 4.472e + 03 Ocean: 
Lake: 5.41Oe+O3 Ocean: 
Lake: 7.304~ + 03 Ocean: 
Lake: 6.072e + 03 Ocean: 
Lake: 6.243e + 03 Ocean: 
Lake: 6.59Oe + 03 Ocean: 
Lake: 6.398e + 03 Ocean: 
Lake: 6.431e + 03 Ocean: 
Lake: 6.496e +03 Ocean: 
Lake: 6.470e + 03 Ocean: 
Lake: 6.479e + 03 Ocean: 
Lake: 6.492e + 03 Ocean: 
Lake: 6.49Oe + 03 Ocean: 
Lake: 6.4932 + 03 Ocean: 
Lake: 6.497e + 03 Ocean: 
Lake: 6.497e +03 Ocean: 
Lake: 6.499e + 03 Ocean: 
Lake: 6.5OOe + 03 Ocean: 
Lake: 6.5OOe + 03 Ocean: 
Lake: 6.50le+03 Ocean: 
Lake: 6.501e+03 Ocean: 
Lake: 6.501e+03 Ocean: 
Lake: 6.501e +03 Ocean: 
Lake: 6.501e+03 Ocean: 
Lake: 6.502e + 03 Ocean: 
Lake: 6.502e + 03 Ocean: 
Lake: 6.502e + 03 Ocean: 
Lake: 6.502e + 03 Ocean: 
4.830e+02 Fish @ spawn 1.887e+OIYield: 
2.471eA02 Fish @ spawn 9.1I4etOOYield: 
4.739e + 02 Fish @ spawn 4.663e + OOYield: 
3.608e +02 Fish @ spawn 8.942e t 00Yield: 
3.409e + 02 Fish @ spawn 6.808e + OOYield: 
3.944e + 02 Fish @ spawn 6.432e + WYield: 
3.779e + 02 Fish @ spawn 7.443e + OOYield: 
3.761e+02 Fish @ spawn 7.131e+WYield: 
3.867e + 02 Fish @ spawn 7.096e + OOYield: 
3.852e + 02 Fish @ spawn 7.297e + OOYield: 
3.855e+02 Fish 6 spawn 7.268e+OOYield: 
3.879e + 02 Fish @ suawn 7.275e + @IYield: 
3.880e+02 Fish G spawn 7.319e+OOYield: 
3.884e+O2 Fish @ spawn 7.322e+OOYield: 
3.890e+02 Fish @ spawn 7,33Oe+O@Yield: 
3.893e+02 Fish @ spawn 7.341e+OOYield: 
3.894e + 02 Fish @ spawn 7.345e + OOYield: 
3.896e+02 Fish @ spawn 7.349e+OOYield: 
3.898e+02 Fish @ spawn 7.353e+OOYield: 
3.898e+02 Fish @ soawn 7.355e+OOYield: 
3.899e+02 Fish 6 sbawn 7.356e+OOYield: 
3.9OOe+02 Fish @ spawn 7.358e+OOYield: 
3.9OOe+02 Fish @ spawn 7.359e+OQYield: 
3.9OOe +02 Fish @ spawn 7.359e + OOYield: 
3.9Ole+02 Fish @ spawn 7.360e+OOYield: 
3.901e+02 Fish @ spawn 7.360e+OOYield: 
3.901e+02 Fish @ spawn 7.361e+OOYield: 
3.901e+02 Fish @ spawn 7.36le+OOYield: 
3.90le+02 Fish @ spawn 7.361e+OOYield: 
3.90le+02 Fish @ spawn 7.36le+OOYield: 
3.113e-01 
1.504e-01 
7.697-e - 00 
I.-175e-01 
l.l23e-01 
1.061e~Ol 
1.?28e-01 
1.1762;01 
1.17le-01 
1.204e-01 
1.199e-01 
1.2OOe-01 
1.207e-01 
1208e-01 
1.209e-01 
l.?lle-01 
I.ZlZe-01 
I.ZIZe-01 
1.213e-01 
1.213e-01 
1.214e-01 
1.214e-01 
1.214e-01 
1.214e-01 
1.214e-01 
1.214e-01 
1.214e-01 
1.213e-01 
1.214e-01 
1.214e-01 
SOURCES 
We tapped several sources in the formulation and testing of our model. First, we found 
background information on the salmon life cycle in The Atlantic Salmon by Anthony 
Netboy (Houghton Mifflin, 1968). Next, we studied existing models of salmon populations. 
These came from Growth and Ecology of Fish Populations by A. H. Weatherley (Aca- 
demic Press, 1972) and The Pacific Salmon Fisheries by James A. Crutchfield and Giulio 
Pontecorvo (The Johns Hopkins Press, 1969). Finally, after formulating our model, we 
needed to find parameters which would accurately simulate the real world. This data came 
from the Sockeye Salmon, Oncorhynchus norku by R. E. Foerster (Fisheries Resource 
Board of Canada, 1968). An additional aid was MACSYMA, a symbolic math package. 
Although we spent only a short while developing our theory, we are confident in the 
accuracy of the derivation, since we checked each step of the solution with MACSYMA, 
including derivatives, determinants, and solving algebraic equations. 
